Abstract. Existing stochastic models of unsaturated flow and transport are usually developed using the simple Gardner-Russo constitutive relationship though it is generally accepted that the more complex van Genuchten and Brooks-Corey relationships may perform better in describing experimental data. In this paper, we develop first-order stochastic models for gravity-dominated flow in second-order stationary media with both the Brooks-Corey and the Gardner-Russo constitutive relationships. These models also account for the spatial variability in effective water content, while the spatial variability is generally neglected in most existing stochastic models. Analytical solutions are obtained for the case of one-dimensional gravity-dominated flow. On the basis of the solutions, we illustrate the differences between results from these two constitutive models through some one-dimensional examples. It is found that the impacts of the constitutive models on the statistical moments of suction head, effective water content, unsaturated hydraulic conductivity, and velocity depend on the saturation ranges. For example, the mean head and the mean effective water content for the Brooks-Corey model differ in a great manner with their counterparts for the Gardner-Russo model near the dry and wet limits while the differences are small at the intermediate range of saturation. This finding is confirmed with some two-dimensional examples. It is also found that the Brook-Corey model has certain advantages over the Gardner-Russo model in analyzing unsaturated flow in heterogeneous media. For example, the stochastic model developed based on the BrooksCorey function requires the coefficient of variation of head and soil parameter "␣ BC " to be small (Ͻ Ͻ1), whereas that based on the Gardner-Russo function assumes the one-point cross covariance of head and ␣ GR to be small (Ͻ Ͻ1). Illustrative examples reveal that the latter condition may be violated because the one-point covariance is found to increase rapidly to beyond unity as the soil becomes dry, whereas the former may be readily satisfied.
Introduction
It is now widely recognized that medium heterogeneity plays an important role in subsurface fluid flow and solute transport. In recent years, many stochastic theories have been developed to study this phenomenon in both saturated [e.g., Gelhar and Axness, 1983; Dagan, 1984 Dagan, , 1989 Winter et al., 1984; Neuman et al., 1987; Graham and McLaughlin, 1989; Rubin, 1990; Zhang and Neuman, 1995] and unsaturated [e.g., Dagan and Bresler, 1979; Anderson and Shapiro, 1983; Yeh et al., 1985a, b; Mantoglou and Gelhar, 1987; Hopmans et al., 1988; Destouni and Cvetkovic, 1989; Indelman et al., 1993] zones. To describe unsaturated flow and transport, the constitutive relationships of unsaturated hydraulic conductivity (K) versus suction head (h) and water content () versus h must be specified. Three models are commonly used to describe these functional relationships: the van Genuchten [1980] model the Brooks-Corey model [Brooks and Corey, 1964] , and the Gardner-Russo model [Gardner, 1958; Russo, 1988] . Almost all existing stochastic analyses utilize the Gardner-Russo model due to its simplicity [e.g., Yeh et al., 1985a, b; Yeh, 1989; Russo, 1993 Russo, , 1995a Yang et al., 1996; Harter and Yeh, 1996a, b] . On the other hand, the more complex van Genuchten and BrooksCorey models usually fit measured K(h) and (h) data better.
It is an open question whether stochastic theories of flow and transport are sensitive enough to the higher accuracy of the van Genuchten and Brooks-Corey models to justify their increased complexity.
Closely related is the question of the effect of spatial variability in water content on velocity and solute transport. Existing stochastic models of unsaturated flow and transport usually neglect the spatial variability in water content. However, the variability in water content affects the pore water velocity which in turn controls the migration and spread of a solute plume, so it may matter. Recently, Yang et al. [1996] investigated the effect of spatially variable water content on solute transport in gravity-dominated (mean unit gradient) flow through heterogeneous media. However, the authors simplified the problem by neglecting the functional dependence of unsaturated hydraulic conductivity and water content on the actual (random) head via replacing the latter by its mean. Harter and Zhang [1996] provided a more complete treatment of the spatial variability of water content for soils characterized by the Gardner-Russo model. Both studies showed that the spatial variability of water content may have significant impacts on velocity covariance and on macrodispersivity.
Since the Brooks-Corey model is more tractable mathematically than the van Genuchten model and the parameters for the former may be converted from those for the latter under some conditions [Morel-Seytoux et al., 1996] , in this study, we compare the Brooks-Corey model with the Gardner-Russo model on their effects on the statistical moments of unsaturated flow and transport. Our comparisons are of three types. First, we use each model to derive first-order expressions for the ensemble means, covariances, and cross covariances of suction head, unsaturated hydraulic conductivity, water content and pore water velocity. One fact emerges from this analysis: the Brooks-Corey model requires weaker mathematical assumptions for its approximations than does the GardnerRusso model. The accuracy of perturbation approximations for the Gardner-Russo model depend on small variances of some flow quantities. In contrast, approximations for the BrooksCorey model depend only on small coefficients of variation, so large variances may be accommodated as long as the corresponding mean is also large.
Our second type of comparison is based on closed form solutions of various covariances derived from a specific case of one-dimensional gravity-dominated flow. The effects of the constitutive models and of the water content variability are illustrated and discussed based on these solutions. In general, we find that the impacts of the constitutive models on the statistical moments of suction head, effective water content, unsaturated hydraulic conductivity and velocity depend on the saturation ranges as one should expect. For example, the mean heads for the Brooks-Corey and Gardner-Russo models differ in a great manner near the dry and wet limits while they are similar at the intermediate range of recharge. The constitutive models render large impacts on the covariances of flow quantities at short separation distance. The comparison confirms that the Brooks-Corey model has certain advantages over the Gardner-Russo model in analyzing unsaturated flow in randomly heterogeneous media. Hence, if the two models fit measured data equally well, the Brooks-Corey model may be preferred; otherwise, the one which fits the data better should always be used. Finally, we briefly compare the differences in moments for the Brooks-Corey and the Gardner-Russo model in two dimensions. The two-dimensional (2-D) comparison relies on a numerical model developed recently by Zhang and Winter [this issue] , and it confirms the findings based on the detailed 1-D results.
Theory
We consider steady state flow in unsaturated media satisfying the following continuity equation and Darcy's law:
where q is the specific discharge (flux), ⌽(x) ϭ Ϫh(x) Ϫ x 1 is the total head, h is the suction head (the absolute value of water pressure head),
is the unsaturated hydraulic conductivity (assumed to be isotopic locally) which depends on the head and soil properties at x, i ϭ 1, 2, or 3, and x 1 is directed vertically downward. In this study, K(x) is treated as a random space function (RSF). The seepage velocity at x is related to the specific flux q i by
where e ϭ Ϫ r is the effective volumetric water content, is the total volumetric water content, and r is the residual (irreducible) volumetric water content. Here an implicit assumption is that r does not affect advective transport. In most stochastic analyses [e.g., Russo, 1993 Russo, , 1995a Harter and Yeh, 1996a, b] , the variability of e (x) in (3) is neglected by replacing it by its mean. In this study, we treat e (x) as a spatial random field.
Flux and Velocity Moments
For mathematical convenience, we work with log-transformed unsaturated hydraulic conductivity
, and h(x) ϭ ͗h(x)͘ ϩ hЈ(x). Therefore (2) can be rewritten as
where
Taking ensemble mean of (4) and retaining terms up to first-order yields
as the mean hydraulic gradient in the direction x i . In most stochastic models, a special case of unsaturated flow, gravity-dominated drainage is studied [Yeh et al., 1985a, b; Yeh, 1989; Russo, 1993 Russo, , 1995a Harter and Yeh, 1996a, b; Yang et al., 1996] . In this study, for simplicity we mainly consider gravity-dominated flow. In this case, the average gradient J i ϭ ␦ i1 , so the gradient of ͗h(x)͘ is identically zero and ͗h͘ is constant through the domain. This approximation renders the math tractable, although it may not be realistic near the water table and the ground surface. Subtracting (5) from (4) and retaining terms up to first-order again, gives
Hence, to first order, the covariance of specific flux C qij (x, ) ϭ ͗qЈ i (x)qЈ j ()͘ is given by
where r ϭ x Ϫ , C Y (r) is the covariance of log unsaturated conductivity, C Yh (r) is the cross covariance of log unsaturated conductivity and suction head, and C h (r) is the covariance of head. Here as well as in the sequel, we have used the stationarity of these covariances under the simplified condition of gravity-dominated flow in an unbounded domain (see Zhang and Winter [1998] for a more general treatment). We may rewrite (3) as
To first order, we have
To derive these expressions, it is assumed that e 2 /͗ e ͘ 2 is small (Ͻ Ͻ1), where e 2 is the variance of e . The velocity covariance can be directly used to compute macrodispersivity in the absence of local dispersion [e.g., Dagan, 1989; Russo, 1993; Yang et al., 1996] . As mentioned before, the variability in e is neglected in most stochastic theories such that only the first term in the right-hand side of (11) exists. It is clear from (11) that the variability in water content affects the velocity covariance and hence macrodispersivity.
Constitutive Models
In order to derive the statistical moments of h, q i , and u i , the constitutive relationships of K versus h and e versus h must be specified. There are three commonly used models to describe the functional relationships: the van Genuchten [1980] model, the Brooks-Corey [Brooks and Corey, 1964] model, and the Gardner-Russo [Gardner, 1958; Russo, 1988] model. Most analytic solutions of the deterministic unsaturated flow equations and most previous stochastic analyses used the GardnerRusso model because it is the simplest. However, it is generally accepted that the more complex van Genuchten and BrooksCorey models may perform better than the simple GardnerRusso model in describing measured data of K(h) and e (h). On the other hand, the Brooks-Corey model is more tractable analytically than the van Genuchten model. In addition, under some conditions it is possible to convert Brooks-Corey parameters to van Genuchten parameters and vice versa [MorelSeytoux et al., 1996] . Therefore, in this study, we shall compare the Brooks-Corey model to the Gardner-Russo model.
2.2.1. Brooks-Corey (BC) model. Brooks and Corey [1964] conclude from analysis of a large database that the constitutive relationships between K and h and between e and h can be described by the following empirical equations:
where K s is the random saturated hydraulic conductivity, s is the saturated water content, ␣ BC is the reciprocal of absolute value of air entry pressure, and ␤ is a parameter related to pore size distribution. This model is widely used by petroleum engineers and soil scientists. There are numerous statistical analyses of its parameters. In this study, r and s are assumed to be constant; adding their variabilities to the present study is straightforward. The parameters ␣ BC (x), ␤(x) and log transformed saturated hydraulic conductivity f(x) ϭ ln K s (x) are treated as random variables. They are further assumed to be second-order stationary with known first two statistical moments.
It is shown in Appendix A that the mean and covariance of unsaturated hydraulic conductivity are given, to first order, as
It is important to note that the validity of (14) and (15) requires that the magnitudes of
, and/or higher moments be small, where p 2 is the variance of p and pq is the one-point covariance of p and q at r ϭ 0. That is to say, the approximations depend on the small magnitude of the coefficients of variation (Cv) instead of the variances. This is a desirable property because, for example, the Cv of head may not increase while the head variance increases as the soil becomes dry.
To first order, the mean and covariance of the effective water content are given as (Appendix B), (6) with Ј e () in (B3) and taking ensemble mean, yields
where the coefficients a1 BC , a2 BC and a3 BC are defined as before when ͗h͘ Ͼ 1/͗␣ BC ͘, and a1 BC ϭ a2 BC ϭ a3 BC ϭ 0 when ͗h͘ Յ 1/͗␣ BC ͘. [Russo, 1988] model reads as
Gardner-Russo (GR) model. The Gardner-Russo
( 24) where ␣ GR is the soil parameter related to the pore size distribution, and m is a parameter related to tortuosity (taken to be known). Almost all previous stochastic analyses [e.g., Yeh et al., 1985a, b; Yeh, 1989; Russo, 1993 Russo, , 1995a Indelman et al., 1993; Yang et al., 1996] use this model due to its simplicity. Furthermore, the spatial variability in water content is generally neglected. Yang et al. [1996] recently included the variability of water content in deriving the covariance of velocity, but they simplified the problem by replacing the actual (random) head h(x) in (23) and (24) by its mean ͗h͘. Taking log transformation on (23) yields
One has, to first order
where a1 GR ϭ ͗h͘ and a2 GR ϭ ͗␣ GR ͘. Here the one-point covariance ␣ GR h ϭ ͗␣Ј GR (x)hЈ(x)͘ is required to be small (Ͻ Ͻ1).
The first-order mean and covariance of the effective water content are given as (Appendix C),
. It is seen that the expressions for C Y and C e are formally the same as those for the Brooks-Corey model when replacing the subscript "BC" with "GR" and letting a3 GR ϭ b3 GR ϭ 0. Similarly, C q i e , C Yf , C Y␣ GR , and C Yh are given formally by (18), (19), (20), and (22), respectively.
Head Covariance
Substituting (2) into (1) and utilizing
Summation for repeated indices is implied. Since ͗Y͘ ϭ const and ͗h͘ ϭ const for gravity-dominated flow, the head fluctuation, to first order, satisfies the following equation
Substituting (A3) or (27) into (32) yields
where k ϭ BC or GR for the BC or GR model, and a3 GR ϭ 0. Multiplying (33) by the head fluctuation at a different location and taking ensemble mean leads to
where C fh , C ␣ k h , and C ␤h are solutions of the following equations under appropriate boundary conditions:
Note that for the BC model, a1 BC , a2 BC and a3 BC are defined as before when ͗h͘ Յ 1/͗␣ BC ͘, and a1 BC ϭ a2 BC ϭ a3 BC ϭ 0 when ͗h͘ 1/͗␣ BC ͘. In the latter, the equations for C h and C fh reduce to those for saturated flow [e.g., Dagan, 1989] .
One-Dimensional Case

Solutions
To illustrate the difference between the Brooks-Corey and Gardner-Russo models, we first consider a one-dimensional, vertical domain. It is assumed that the spatial structures of the random variables are described by the exponential function
where p ϭ f, ␣ k or ␤, p 2 is the variance of p, and p is the correlation scale of p. To keep things simple, we further assume that the input parameters f ϭ ln K s , ␣ k , and ␤ are uncorrelated, i.e.,
Under the boundary condition that C fh (r) ϭ 0 when r 3 ϱ or Ϫϱ,
where H(r) is a Heaviside function. The solution can be verified by substituting (39) into (35) with the specified boundary condition. Clearly, C fh is neither symmetric nor antisymmetric. Similarly, we have
Hence (16) and (17) of Yeh et al. [1985a] .
In this 1-D case, other covariances are easily obtained based on the above expressions,
for the BC model when ͗h͘ Ͼ 1/͗␣ BC ͘, and for the GR model. It is seen C h in (45) and C Y in (47) only depend on ͉r͉ while other covariances are functions of r. Therefore the head covariance C h and the covariance of unsaturated conductivity C Y are symmetric around r ϭ 0 while the cross covariances of unsaturated conductivity and other soil properties (C Yf , C Y␣ k and C Y␤ ) are asymmetric. However, it should be noted that the cross covariance C Yh of log unsaturated hydraulic conductivity and head is antisymmetric like that of the log (saturated) hydraulic conductivity and head in saturated flow [Dagan, 1989, p. 243] . For the BC model, when
The covariance of specific flux C q in (7) can be rewritten as
Substituting the results for C Y , C Yh , and C h into (57) yields
This result is not surprising because of the particular flow field we are considering: one-dimensional, steady state. The divergence-free condition requires that dq/dx ϭ 0. In this onedimensional case, the specific flux is constant through the domain, and there is no spatial fluctuation in q when recharge is specified. By the same token, we should also have
Therefore, for this 1-D case, the velocity covariance in (11) can be rewritten as
Clearly, in this special case the velocity covariance exists only due to the variability in water content. If the variability is neglected as in most stochastic models, the velocity covariance would be zero. This is an extreme case. In multiple dimensions, the impact of the water content variability on velocity and hence on transport could be different qualitatively. For example, in 2-D the variability of velocity may be either enhanced or reduced when the water content variability is included [Harter and Zhang, 1996] . Nevertheless, the water content variability is generally an important factor to consider for advective transport under relatively dry conditions. The covariance of water content is given as 
, and b3 GR ϭ 0 for the GR model.
Illustrative Examples and Results
In general, the parameters of a selected model for soil hydraulic properties are determined by fitting to experimental data. Russo [1988] attempted to derive parameters for both BC and GR models based on transient flow experiments by the parameter estimation procedure of Kool et al. [1985b] . For the hypothetical sandy loam soil used by Kool et al. [1985a] , Russo [1988] obtained ␣ BC ϭ 0.0217 cm Ϫ1 and ␤ ϭ 1.738 for the BC model, and ␣ GR ϭ 0.0531 cm Ϫ1 and m ϭ 0 for the GR model. Although the parameters for these two models are obtained with different accuracy, we consider them equivalent for the purpose of illustration. We note that the two "␣" parameters have the same units but different values. Since the statistical moments of this particular soil are unknown, for the purpose of illustration, we assume that ͗f͘ ϭ 0, f 2 ϭ 1, and f ϭ 10 cm; ͗␣ BC ͘ ϭ 0.0217 cm
Ϫ1
, Cv(␣ BC ) ϭ ␣ BC /͗␣ BC ͘ ϭ 0.3, ␣ BC ϭ 10 cm; ͗␤͘ ϭ 1.738, Cv(␤) ϭ ␤ /͗␤͘ ϭ 0.3, and ␤ ϭ 10 cm for the BC model; and ͗␣ G R ͘ ϭ 0.0531 cm Ϫ1 , Cv(␣ GR ) ϭ ␣ GR /͗␣ GR ͘ ϭ 0.3, ␣ GR ϭ 10 cm for the GR model. For both models, it is assumed that s Ϫ r ϭ 0.5. For a more realistic comparison, the statistical moments of soil properties for both BC and GR models should be inferred from the same data set. If a large amount of spatially distributed samples are available from a vadose zone, transient flow experiments may be performed for each sample and the parameters for both BC and GR models can be estimated by some parameter estimation procedure. Then geostatistical analysis may be performed for each parameter based on the spatially distributed values.
On the basis of (5), (14), and (26), the mean head can be expressed as
for the BC model, and
for the GR model. In the former, ͗h͘ ϭ 1/͗␣ BC ͘ when q n ϭ q/K G Ͼ 1, where K G is the geometric mean of saturated hydraulic conductivity and q is the recharge. In the latter, it is required that 0 Ͻ q n Ͻ 1. Figure 1a shows the mean head and the standard deviation of head for the above mentioned hypothetical soil as functions of the normalized recharge q n . Figure 1b shows the corresponding coefficient of variation of head, Cv(h) ϭ h /͗h͘. It is seen that the mean suction heads ͗h͘ and the standard deviations of head h increase with the decrease of the normalized flux (as the soil becomes dry) where Cv(h) remains basically the same except at near saturation condition for the GR model. The values of ͗h͘ for the BC and GR models differ in a great manner near the dry and wet limits while the discrepancy is small at the intermediate range of recharge. This is not surprising because it is well known that the major difference between the characteristic curves of the two constitutive models is near the two limits. The differences in h increases as the soil becomes dry. However, Cv(h) are very close to each other except at near-saturation conditions. Figure 1c shows the corresponding mean effective water content ͗ e ͘ and its standard deviation e as functions of the mean suction head. Figure 1d shows the coefficient of variation of water content Cv( e ). Again, we observe large differences in ͗ e ͘ and e for the two models at the wet regime. For the GR model, Cv( e ) increases almost linearly with the mean head; for the BC model, Cv( e ) is initially zero when the mean (suction) head is less than the air entry pressure, then jumps to a finite value and increases slowly with the mean head. Although Cv( e ) for the BC model is larger than that for the GR model at intermediate wet conditions, the latter is much greater than the former when the soil is dry. Recall that Cv( e ) is assumed to be small (Ͻ Ͻ1) in deriving the expressions (9)-(11) of the velocity moments. Hence we see that the requirement made to derive the stochastic models may be violated when the soil becomes dry. Figures 2a and 2b show the one-point cross covariance fh and the normalized quantity Cv( fh) ϭ fh /͗h͘. It is seen that fh increases with the mean suction head for the BC model, while the counterpart for the GR model is independent of the mean head. Cv( fh) differ under near saturation conditions, and their differences diminish with the mean head. Figures 2c  and 2d show the absolute value of the one-point cross covariance ͉ ␣ k h ͉ and the normalized quantity Cv(
It is shown that ͉ ␣ k h ͉ increases with both the mean head and the variability in ␣ k . For the GR model, ␣ k h increases quickly to beyond unity when Cv(␣ k ) ϭ 0.6. While Cv(␣ k h) increases as the variance of ␣ k , it is independent of ͗h͘ for the GR model and decreases with ͗h͘ for the BC model. With these particular sets of input parameters, Cv(␣ k h) are much smaller than one for both BC and GR models. In deriving the statistical moments for the unsaturated hydraulic conductivity, for the GR model ͉ ␣ k h ͉ is required to be small (Ͻ Ͻ1), whereas for the BC model Cv(␣ k h) (among other quantities) is assumed to be small (Ͻ Ͻ1). It is seen from these plots that the latter may be easily satisfied while the former condition is usually violated with relatively large variability in the soil parameter ␣ k . Therefore the BC model has advantages over the GR model in analyzing unsaturated flow in heterogeneous media. If the two models fit measured data equally well, the BC model may be preferred; otherwise, the one which fits the data better should always be used.
Figures 3a, 3b, and 3c illustrate the impacts of different constitutive models on the head covariances, the covariances of log unsaturated hydraulic conductivity, the cross covariances between log unsaturated hydraulic conductivity and head, and the covariances of the effective water content (normalized with respect to ͗ e ͘ 2 ). The corresponding recharge value q n is 0.001 and other parameters are the same as in Figure 1 . These covariances based on the BC and GR models differ at short dimensionless separation distance (r/ f ), but these differences diminish with the separation distance and practically disappear at separation distance larger than seven correlation scales. It may be of interest to look at the integral scale p of p ( p ϭ h or ), which is defined as [e.g., Dagan, 1989] 
The integration is evaluated numerically in this study. For the case illustrated in Figure 3 , the integral scales of suction head are similar for the BC model ( h Ϸ 2.66 cm) and for the GR model (2.88 cm). However, the integral scales of effective water content are significantly different for the BC model ( e Ϸ 0.22 cm) and for the GR model (0.32 cm). The differences in the covariances and integral scales of water content may stem from the detailed characteristics of these two constitutive models and the different mathematical approximation procedures involved to derive the covariances. In the special 1-D case, the velocity covariance (normalized by ͗u͘ 2 ) is exactly the same as the water content covariance (normalized by ͗ e 2 ͘ 2 ) according to (60). Since both the mean velocity ͗u͘ and mean water content ͗ e ͘ are constant for a specific q n , the integral scale of velocity is the same as that of water content for each model. However, this is generally not true for multiple dimensions. Another interesting observation from Figure 3b is that the variability in the log unsaturated hydraulic conductivity is much greater than that in the log saturated hydraulic conductivity (i.e., Y 2 Ͼ Ͼ f 2 ) under unsaturated conditions. This is to say, the variabilities in the soil properties such as ␣ GR , ␣ BC , and ␤ are generally more important than that in the saturated hydraulic conductivity f.
Discussion
In this section, we first look at the asymptotic behaviors of the head variances for the BC and GR models, and then study the second-order effect on the mean log unsaturated hydraulic conductivity.
3.3.1. Asymptotic behaviors of head variances. For the Gardner-Russo model,
The coefficient of variation of head increases with f 2 f and ␣ GR 2 ␣ GR . However, when ͗h͘ is much greater than 1 (i.e., when the soil is dry), Cv(h) is much more sensitive to the properties of the ␣ GR field ( ␣ GR 2 and ␣ GR ) than to the properties of the saturated hydraulic conductivity ( f 2 and f ). This is consistent with our earlier observation and the finding by Indelman et al. [1993] based on comparisons with Monte Carlo simulations. It is also seen from (66) that the coefficient of variation of head based on the GR model increases with the increase of recharge (or with the decrease of mean head), as shown in Figure 1b . When the product of ␣ GR 2 and ␣ GR is finite, the head variance becomes unbounded as ͗␣ GR ͘ tends to zero for the GR model, as found previously by Yeh et al. [1985a] .
For the Brooks-Corey model, the head variance (46) reads explicitly as
When ͗h͘ is small compared to the correlation scales of f, ␣ BC and ␤ (i.e., ͗h͘/ p Ͻ Ͻ 1),
It is seen from this formula that the contribution of saturated hydraulic conductivity variability ( f 2 ) to [Cv(h)] 2 is damped by a factor of (2 ϩ 3͗␤͘) 2 Ն 4 when the soil is relatively wet. Thus, the Cv(h) is less sensitive to the variability in f than to the coefficient of variation of ␣ BC . When ͗h͘ is large compared to the correlation scales of f, ␣ BC and ␤ (i.e., ͗h͘/ p Ͼ Ͼ 1),
Here we see that when the soil is dry, Cv(h) increases with the product of p 2 and p ( p being f, ␣ BC or ␤) and is more sensitive to the variability in the ␣ BC field than to that in the f field, as seen earlier for the GR model.
Second-order correction.
Since the results obtained earlier are valid to first-order [i.e., ͗ ͘ is O() and 2 is O(
2 )], whether the differences between the two stochastic models are due to this particular (first-order) approximation deserves investigation. However, it is very tedious to carry out the second-order analysis for the variances and covariances (see Dagan [1994] , Deng and Cushman [1995] , and Hsu et al. [1996] for the treatment under saturated conditions), and this is beyond the scope of this study. Instead, here we investigate the second-order effect on the mean log unsaturated hydraulic conductivity ͗Y͘. The second-order mean log unsaturated hydraulic conductivity is given by
for the BC model when ͗h͘ Ͼ 1/͗␣ BC ͘, and
for the GR model. The first-order terms have been given earlier in (14) and (26), respectively, for the BC and GR models. For the BC model, when ͗h͘ Յ 1/͗␣ BC ͘, ͗Y͘ (2) ϭ ͗Y͘
(1) ϭ ͗f͘.
For the example illustrated in Figure 1 , the corresponding first-and second-order mean log unsaturated hydraulic conductivities are depicted in Figure 3d . Although there are some differences between first-and second-order results for each model, the discrepancy in the second-order results of the BC and GR models is qualitatively the same as that of the firstorder results. This may indicate that the differences observed previously for the two different constitutive models are not entirely due to the first-order approximations. However, more general conclusion cannot be reached without further investigation of higher moments.
Two-Dimensional Case
The results discussed above and the findings based on them are all for one-dimensional cases. The salient question is whether or not the model differences are specific to the low dimensionality. In this section, we look at the differences between GR and BC models for some two-dimensional cases. In 2-D, the solutions to (34)-(37) may be given with complicated integrals which need to be evaluated numerically [Yeh et al., 1985a, b] . In this study, we obtain the two-dimensional results using the numerical model developed recently by Zhang and Winter [this issue ]. The latter model is more general in that it is applicable to the entire domain of a bounded vadose zone, i.e., from the water table to the ground surface. The governing equations for the moments by Zhang and Winter [this issue, ] are nonstationary and reduce to (34)-(37) in this study under gravity-dominated flow conditions. The nonstationary moment equations are solved by finite differences. Figure 4 compares 1-D and 2-D solutions for ͗h͘, h , ͗ e ͘, and e based on BR and GR models. The results are expressed as a function of z (which is the vertical distance from the water table normalized with respect to the integral scale of log saturated hydraulic conductivity), the normalized recharge q n is 0.001, and the parameters of soil properties are the same as used in Figure 1 . For the 2-D results, the vertical line is selected to be at the horizontal center of the domain of lateral length 5 f . Both the head h and the water content e are nonstationary near the water table in that their means and standard deviations are location dependent, and they approach stationarity as the distance from the water table increases. It can be verified that, for example, the asymptotic mean heads for the BC and GR models in Figure 4a are exactly the same as those for gravity-dominated flow in Figure 1a at q n ϭ 0.001. The issue of nonstationarity has been discussed in detail by Zhang and Winter [this issue] . Nevertheless, it is interesting to point out that no matter what the dimensionality is, the head standard deviation, the mean water content and its standard deviation for the BC model differ greatly from their counterparts for the GR model at the nonstationary regime near the water table. This is consistent with our earlier finding based on the 1-D results that the differences between the BC and GR models are significant at a large saturation. It is seen from Figures 4a and 4c that the first-order ͗h͘ and ͗ e ͘ do not change due to the change of dimensionality. This is due to the assumption of uni-directional (vertical) mean flow. However, the variabilities of the flow quantities do change with the increase of dimensionality. The head standard deviations h are generally lower in 2-D than in 1-D, as found for saturated flow [e.g., Dagan, 1989 ]. The differences in h between the BC and GR models are only slightly smaller in 2-D than in 1-D. It is also true for . With similar results for different recharge values (not shown here), we can conclude that the model differences discussed in detail based on the 1-D results are not only pertinent to one dimension.
Conclusions
Existing stochastic models of unsaturated flow and transport are usually based on the simple Gardner-Russo constitutive relationship though it is generally accepted that the more complex van Genuchten and Brooks-Corey relationships may perform better in describing measured data. In this study, we developed and compared two stochastic models of steady state, gravity-dominated unsaturated flow for the Brooks-Corey and Gardner-Russo constitutive relationships. These models also account for spatial variability in effective water content while the latter is generally neglected in most other stochastic models. We illustrated the model differences through some oneand two-dimensional examples. The one-dimensional solutions were derived analytically, and the two-dimensional solutions were obtained numerically. This paper leads to the following major conclusions:
1. One general finding from this analysis is that the Brooks-Corey model requires weaker mathematical assumptions for its approximations than does the Gardner-Russo model. This is true regardless of the spatial dimensionality and is confirmed through some one-dimensional examples. For example, the stochastic model developed based on the BrooksCorey function requires the coefficient of variation of head and soil parameter "␣ BC " to be small (Ͻ Ͻ1) whereas that based on the Gardner-Russo function assumes the one-point cross covariance of head and "␣ GR " to be small (Ͻ Ͻ1). It is shown that the latter condition is easily violated because the one-point covariance is found to increases rapidly to beyond unity as the soil becomes dry, whereas the former may be readily satisfied. Hence, if the two models fit measured data equally well, the Brooks-Corey model may be preferred; otherwise, the one which fits the data better should always be used.
2. On the basis of the analytical solutions for the case of one-dimensional, gravity-dominated flow, we found that the impacts of the constitutive models on the statistical moments of suction head, effective water content, unsaturated hydraulic conductivity, and velocity depend on the saturation ranges as one should expect. For example, the mean head and the mean effective water content for the Brooks-Corey model differ in a great manner with their counterparts for the Gardner-Russo model near the dry and wet limits while the discrepancy is small at the intermediate range of saturation. This is not surprising because it is well known that the major difference between the characteristic curves of the two constitutive models is near the two limits. The illustrative examples also revealed that the differences in the covariance functions pertinent to the flow field due to different constitutive models are great at short separation distance, and they practically disappear after few correlation scales. These findings were confirmed with some two-dimensional examples.
3. Some of the findings are only pertinent to the special case of one-dimensional gravity dominated flow. For example, in this special case the velocity covariance exists only due to the variability in water content. If the variability is neglected as in most stochastic models, the velocity covariance would be zero. This is to say, the water content variability has a positive effect on velocity variability in this 1-D case. However, in 2-D the variability of velocity may be either enhanced or reduced when the water content variability is included.
